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Translating graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation

Key points

e The transformationy = f(x)  ais a vt y =) +a
translation of y = f(x) parallel to the y-axis;
it is a vertical translation. /y — ()
As shown on the graph, ? ey
o y=f(x) +atranslates y = f(x) up \ /Y= ﬁ’f) .

X
—a

e The transformationy =f(x + a) isa
translation of y = f(x) parallel to the x-axis; y=flx+a
it is a horizontal translation.

o y=f(x) —atranslates y = f(x) down. Q /
y

As shown on the graph,
o y=f(x+a) translates y = f(x) to the left

0

)
~a 0 a x

Y3yt -a)

o y=f(x-a)translates y = f(x) to the right.

Examples
Ui
Example 1 The graph shows the function y = f(x). 0
y =
Sketch the graph of y = f(x) + 2.
0 E:
Y y =) +2 For the function y = f(x) + 2 translate
the function y = f(x) 2 units up.
y = flx)
0 x
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Example 2  The graph shows the function y = f(x).

Sketch the graph of y = f(x — 3).

Us
y = fx)
_T20 x

La
y = flx)

y = flx — 3)

=Y

_Iz a1

For the function y = f(x — 3) translate
the function y = f(x) 3 units right.

Practice

1  The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x) + 4 and y = f(x + 2).

2 The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x + 3) and y = f(x) — 3.

3 The graph shows the function y = f(x).
Copy the graph and on the same axes sketch the
graph of y = f(x — 5).

" y = f(x)

-N\O| /2 X

s
y = flx)

y.n
\ /y = f(x)
_ "\--’_"2 0 X
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5

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C: and C..
Write down the equations of the translated curves
C:and Cyin function form.

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C; and C..
Write down the equations of the translated curves
C:and Cyin function form.

The graph shows the function y = f(x).

a  Sketch the graph of y = f(x) + 2
b  Sketch the graph of y = f(x + 2)

y

2.
y = f(x) ' .-H .,
~270° —180° —90° O
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Stretching graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation
Textbook: Pure Year 1, 4.6 Stretching graphs

Key points

The transformation y = f(ax) is a horizontal
stretch of y = f(x) with scale factor i

parallel to the x-axis.

The transformation y = f(-ax) is a
horizontal stretch of y = f(x) with scale

factor 1 parallel to the x-axis and then a
a

reflection in the y-axis.

The transformation y = af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis.

The transformation y = —af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis and then a reflection
in the x-axis.

Ux
y= f(z-‘lx\ Y5 }ﬂ'ﬂﬂ
\\ \ﬁ'. fn\ [ \. ."ﬁ"l .
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Examples

Example 3 The graph shows the function y = f(x). 71
Sketch and label the graphs of 1 - g"'.: fx)
y = 2f(x) and y = —f(x). -
~ 1809 90° 90° | 180° %
ot y = 2f() The function y = 2f(x) is a vertical
2 TN stretch of y = f(x) with scale factor
o~ S x\ 2 parallel to the y-axis.
. X - = The functiony = —f(x) isa
1 = 9’7. 90°_A180° T | reflection of y = f(x) in the
= f(x}lx\._ —-"/_2 y =|—f(x) X-axis.
Example 4  The graph shows the function y = f(x). 'y
Sketch and label the graphs of . y = flx)
y = f(2x) and y = f(-x). ' =
—1883_—90° ; 90° | 180° %

L The function y = f(2x) is a horizontal
“ly T T{Zx) e stretch of y = f(x) with scale factor %
~ Y| parallel to the x-axis.
— 1808 —98 |- 9 0° The functiqn y= f(—x_) is a reflection
EEY of y = f(x) in the y-axis.
=2
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Practice

7

10

11

The graph shows the function y = f(x).

a Copy the graph and on the same axes
sketch and label the graph of y = 3f(x).

b  Make another copy of the graph and on
the same axes sketch and label the graph
of y = f(2x).

The graph shows the function y = f(x).
Copy the graph and on the same axes
sketch and label the graphs of

y = —2f(x) and y = f(3x).

The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch and label the graphs of

y=—f(x)andy="f(1x).

The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch the graph of y = —(2x).

The graph shows the function y = f(x) and a
transformation, labelled C.

Write down the equation of the translated
curve C in function form.

-,
3

Y = ffilx)

y = flx)
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12 The graph shows the function y = f(x) and a
transformation labelled C.
Write down the equation of the translated

curve C in function form. — 18D _30°.

N = J’qlr/hd L=
L=
J

Lp f
13 The graph shows the function y = f(x). ,f
a  Sketch the graph of y = —f(). o1/
b  Sketch the graph of y = 2f(x).
71 Oh_A A
f

Extend

14 a  Sketch and label the graph of y = f(x), where f(x) = (x — 1)(x + 1).

b  On the same axes, sketch and label the graphs of y = f(x) — 2 and y = f(x + 2).

15 a Sketch and label the graph of y = f(x), where f(x) = —(x + 1)(x — 2).
b On the same axes, sketch and label the graph of y = f (-3 x).
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ANswers
1 2
Ya
y="fx)+4
y="flx+2 -
y = 1) i3
—4 X
(-2, -2)"2 /
3
uA
y = f(x) /
y =f(x—5)

EPNZY) N S

4  Cpy=f(x-90°)
Cry=f(x)-2

5 Cuy=f(x-5)

Cry=f(x)-3
6 a b
oA Tk
1 y o fx) + 2 = =2 1,
Tad3 200 N2 X

o Suel S i A S
ANER

y = fx)
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7 a b
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. y = T(Zx)
< Ny = ) 2 y = flx)
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\ y = ft) \ [y =1
\|/ /
y=T
\ - 0
y = —2f() \v F —ft)
\ / \
10
g
1 y=H=2x)
\ |/ [T 1
_ U= 6]
11 y=1(2x)
12 y=-2f(2x) or y = 2f(-2x)
13 a b
T I L} ,,
y = 2fmf
y =116\ [ = ) [[4 =1
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Straight line graphs

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points
e Astraight line has the equation y = mx + ¢, where m is ’ (3 1)
the gradient and c is the y-intercept (where x = 0).
e The equation of a straight line can be written in the form y gradient m = H
ax + by + ¢ =0, where a, b and ¢ are integers. y=mx+c
e When given the coordinates (X1, y1) and (X2, y2) of two 0 x
points on a line the gradient is calculated using the
y, -V L INTH)
formula m=22-2%
Xy =%
Examples
Example 1 A straight line has gradient —% and y-intercept 3.
Write the equation of the line in the form ax + by + ¢ = 0.
=_1ndc=3 1 A straight line has equation
2 y = mx + c. Substitute the gradient
Soy= N ‘_amd y—i_ntercepj[ given in the question
2 into this equation.
ly+y-3=0 2 Rearrange the equation so all the
2 terms are on one side and O is on
the other side.
x+2y—-6=0 3 Multiply both sides by 2 to
eliminate the denominator.
Example 2 Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 =0.
y—2x+4=0 1 Make y the subject of the equation.
y=2x—-4
2 4 2 Divide all the terms by three to get
y=3%73 the equation in the formy = ...

3 Inthe formy = mx + c, the gradient

2
Gradient =m = 3 is m and the y-intercept is c.

4
y-intercept =c = 3

@ Pearson
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Example 3  Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c

13=3x5+¢
13=15+c¢

c=-2
y=3x—2

Substitute the gradient given in the
question into the equation of a
straight liney = mx + c.

Substitute the coordinates x = 5 and
y = 13 into the equation.

Simplify and solve the equation.

Substitute ¢ = —2 into the equation
y=3x+cC

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

=2, % =8,y =4andy,=7 1

m_Y[‘ﬁ_7_4_§ 1
X,—% 8-2 6 2

y 1x+c ’
2

4=£><2+C 3
2

c=3 4
1

=—X+3

y 2

Substitute the coordinates into the
equation m=2"YL to work out
X=X

the gradient of the line.

Substitute the gradient into the
equation of a straight line

y = mXx +C.

Substitute the coordinates of either
point into the equation.

Simplify and solve the equation.

Substitute ¢ = 3 into the equation

y—1x+c
2

Hint
Rearrange the equations
to the formy=mx + ¢

Practice
1 Find the gradient and the y-intercept of the following equations.
a y=3x+5 b =—%x—7
c 2y=4x-3 d X+y=5
e 2X-3y-7=0 f 5x+y—-4=0
2  Copy and complete the table, giving the equation of the line in the form y = mx + c.
Gradient y-intercept | Equation of the line
5 0
-3 2
4 —7

@ Pearson
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3  Find, in the form ax + by + ¢ = 0 where a, b and ¢ are integers, an equation for each of the lines
with the following gradients and y-intercepts.

a gradient —%, y-intercept —7 b gradient 2, y-intercept O

c gradient % y-intercept 4 d gradient-1.2, y-intercept -2
4 Write an equation for the line which passes though the point (2, 5) and has gradient 4.
5  Write an equation for the line which passes through the point (6, 3) and has gradient —%

6  Write an equation for the line passing through each of the following pairs of points.

a @45, (10,17 b (0,6), (-4,8)
C (-1,-7), (5,23) d 3,10, 47
Extend

7  Theequation of aline is 2y + 3x -6 = 0.
Write as much information as possible about this line.
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Answers

1 a m=3,c=5

d m=-1,¢c=5

f m=-5¢c=4

2
Gradient y-intercept | Equation of the line
5 0 y = 5x
-3 2 y=-3x+2
4 -7 y =4x -7
3 a x+2y+14=0 b 2x-y=0
c 2x-3y+12=0 d 6x+5y+10=0
4 y=4x-3
_ 2
5 y——§x+7
6 a y=2x-3 b y=—%x+6
c y=5bx-2 d y=-3x+19

3 . .. 3
7 y=——X+3,the gradientis ——
2 2

and the y-intercept is 3.

The line intercepts the axes at (0, 3) and (2, 0).

Students may sketch the line or give coordinates that lie on the line such as (1, gj or (4, —3).
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Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

When lines are parallel they have the same
gradient.
A line perpendicular to the line with equation

y = mx + ¢ has gradient —% .

Examples

Example 1

Example 2

the point (4, 9).

y
\ r«— gradient = —%
> perpendicular
lines
/ i \i
parallel lines
gradient =m

Find the equation of the line parallel to y = 2x + 4 which passes through

y=2x+4
m=2
y=2Xx+c¢

9=2x4+¢c
9=8+¢c

c=1
y=2x+1

1 Asthe lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight liney = mx +c.

3 Substitute the coordinates into the
equationy =2x +c¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c¢

the point (-2, 5).

Find the equation of the line perpendicular to y = 2x — 3 which passes through

y——lx+c
2

1
5=—=x(-2)+cC
5 *(=2)

1 Asthe lines are perpendicular, the
gradient of the perpendicular line

1
Is —.
m

. 1.
2 Substitute m = 5 intoy =mx +c.
3 Substitute the coordinates (-2, 5)
. . 1
into the equation y = -5 X+¢C

4 Simplify and solve the equation.

. . 1
5 Substitutec=4into y = _EX+ C.

@ Pearson
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Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through

its midpoint.
X,=0,%=9,y=5and y,=-1 1 Substitute the coordinates into the
moY2~ % _~1-5 equation m=22"Y1 to work out
X,—% 9-0 X=X
6 2 the gradient of the line.
1 3 9 3 2 As the lines are perpendicular, the
=== gradient of the perpendicular line
m 2 1
is —.
3 m
y=—X+¢C 3 Substitute the gradient into the
2 equationy = mx + c.
Midpoint = 0+9 , 5+ (-1 _ g 5 4 V\/_ork (_)ut the coqrdlnates of the
2 2 midpoint of the line.
39 . .
2= 5 X 5 +C 5 Substitute the coordinates of the
19 midpoint into the equation.
C= 1 6 Simplify and solve the equation.
. 19 . .
3. 19 7 Substitute ¢ = 19 into the equation
y=-X—— 4
2 4
y=§x+c
5 :

Practice

1 Find the equation of the line parallel to each of the given lines and which passes through each of
the given points.

a y=3x+1 (3,2 b y=3-2x (1,3)
C 2X+4y+3=0 (6,-3) d 2y-3x+2=0 (8,20)

Hint

. . . . 1 .
2  Find the equation of the line perpendiculartoy = Ex — 3 which Ifm = % then the negative
passes through the point (-5, 3). 1 b
reciprocal -

3 Find the equation of the line perpendicular to each of the given lines and which passes through
each of the given points.

a y=2x-6 (4,0) b y=—%x+% 2, 13)

C Xx-4y-4=0 (5,15 d 5y+2x-5=0 (6,7)

@ Pearson
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4 Ineach case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (4’ 3)’ (72’ 79) b (O, 3), (7105 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y = 3X c y=4x-3
y=2x-17 2Xx+y-3=0 4y +x=2
d 3x-y+5=0 e 2x+5y-1=0 f 2X—-y=6
x+3y=1 y=2x+7 6x—-3y+3=0

6  The straight line L passes through the points A and B with coordinates (-4, 4) and (2, 1),
respectively.

a  Find the equation of L in the formax+ by +c =0

The line L, is parallel to the line L1 and passes through the point C with coordinates (-8, 3).
b  Find the equation of L in the formax +by+c=0

The line Ls is perpendicular to the line L; and passes through the origin.
¢ Find an equation of L
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Answers

1 a y=3x-7

=_1
c y= 2x
2 y=-2x-7
3 a =-1x+2
2
c y=-4x+35

4 a yz—%x

5 a Parallel
d Perpendicular

6 a x+2y-4=0

Neither
Neither

X+2y+2=0

c
f

Perpendicular
Parallel

y = 2X
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Rearranging equations

A LEVEL LINKS
Scheme of work: 6a. Definition, differentiating polynomials, second derivatives
Textbook: Pure Year 1, 12.1 Gradients of curves

Key points

e To change the subject of a formula, get the terms containing the subject on one side and
everything else on the other side.
e You may need to factorise the terms containing the new subject.

Examples

Example 1

Example 2

Example 3

Make t the subject of the formula v =u + at.

v=u+at

Get the terms containing t on one
side and everything else on the other
side.

Divide throughout by a.

Make t the subject of the formula r = 2t — #z.

r=2t—nxt

r=t2-n)
r

t=——

2—-7

All the terms containing t are
already on one side and everything
else is on the other side.

Factorise as t is a common factor.

Divide throughout by 2 — .

Make t the subject of the formula HTr

t+r 3t

5 2
2t + 2r = 15t
2r=13t

_2r

t="0
13

Remove the fractions first by
multiplying throughout by 10.

Get the terms containing t on one
side and everything else on the other
side and simplify.

Divide throughout by 13.

@ Pearson
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Example 4 Make t the subject of the formula r = 3: +15 .
3t+5 1 Remove the fraction first by
= t—1 multiplying throughout by t — 1.
rt—1)=3t+5 2 Expand the brackets.
rn-r=3t+5 3 Get the terms containing t on one
M—3t=5+r ::g: and everything else on the other
tr—3)=5+r 4 Factorise the LHS as t is a common
5 factor.
t= 2*r 5 Divide throughout by r — 3.
r-3
Practice
Change the subject of each formula to the letter given in the brackets.
1 C=zd [d] 2 P=2l+2w [w] 3 D=$ [T]
g-r 1
4 p:T [t] 5 u=at—§t [t] 6 V=ax+4x [X]
y—-7x T7-2y 2a-1 b-c
7 I—=—"7 8 x= a 9 Xx=—— [d
=5 s, [ — [d]
10 h=292% [g 11 e@+x)=2e+1 [e] 12 y=23 1
2+49 4-x
13 Make r the subject of the following formulae.
a A=nar’ b V=£7rr3 c P=nr+2r d V=%7Z'r2h

14 Make x the subject of the following formulae.
Xy _ab Adrex 32

= p =—2_2

7z cd d py’

a
15 Make sin B the subject of the formula =

b
sinA sinB
16 Make cos B the subject of the formula b? = a2 + ¢2 — 2ac cos B.

Extend

17 Make x the subject of the following equations.

a  Plsxit)y=x-1 b E(<’:lX+2)/)=3—5(><—)/)
q q q

@ Pearson
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Answers
1 d=% 2
T
p
7 y=2+3X 8
10 :2h+9
7—-h
13 a r= é- b
b
P
c r=—— d
T+2
14 @ x=22 b
cdy
15 inBzzbmnA
a
2 2 2
16 cosB:u
2ac
q+ pt
17 a x= b
q-ps

WZE:E[ 3 TZE_
2 D
= 2u 6 ‘= \Y,
2a-1 a+4
_Sx+l 9 g_P-¢
X+2 X
po_ 12 o Ay-3
X+7 2+y
3V
r=3—
A
3V
r=—
27h
. 3dz
Arrcpy?

«_3Py+2pay _ y(3+29)

3p—apq 3—-aq



