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Solving linear and quadratic simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1  Solve the simultaneous equations y = x + 1 and x? + y2 = 13

X2+ (x+1)2=13 1 Substitute x + 1 for y into the second
equation.
XX+xX2+x+x+1=13 2 Expand the brackets and simplify.

2X2+2x+1=13

2X2+2x—12=0 3 Factorise the quadratic equation.
(2x—4)(x+3)=0

Sox=2o0rx=-3 4 Work out the values of x.
Usingy=x+1 5 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.

So the solutions are
x=2,y=3 and x=-3,y=-2

Check: 6 Substitute both pairs of values of x

equation1:3=2+1 YES and y into both equations to check
and—2=-3+1 YES your answers.

equation 2: 22+ 32=13 YES

and (—3)* + (-2)?=13 YES
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Example 2 Solve 2x + 3y = 5 and 2y? + xy = 12 simultaneously.
X = 5-3y 1 Rearrange the first equation.
2
5-3 _
2y° +(Ty]y=12 2 Substitute >3y for x into the
second equation. Notice how it is
_ay2 easier to substitute for x than for y.
2y? 1 V=3 4y o
2 3 Expand the brackets and simplify.
4y? +5y—3y? =24
y? +5y-24=0 4 Factorise the auadrati .
(y +8)(y —3)=0 actorise the quadratic equation.
Soy=-8ory=3 Work out the values of y.
Using 2x + 3y =5 6 To find the value of X, substitute
Wheny=-8, 2x+3x(-8)=5, x=14.5 both values of y into one of the
Wheny =3, 2x+3x3=5 x=-2 original equations.
So the solutions are
x=145, y=-8 and x=-2,y=3
Check: 7 Substitute both pairs of values of x
equation 1: 2 x 145+3x(-8)=5 YES and y into both equations to check
and 2x(-2)+3x3=5 YES your answers.
equation 2: 2x(—8)? + 14.5x(-8) = 12 YES
and 2x (3)>+(-2)x3=12 YES
Practice
Solve these simultaneous equations.
1 y=2x+1 2 y=6-x
X2 +y?=10 X2 +y2=20
3 y=x-3 4 y=9-2
xX2+y*=5 X2 +y2=17
5 y=3x-5 6 y=x-5
y=x>—-2x+1 y=x>—5x—12
7 y=Xx+5 8 y=2x-1
X2 +y?>=25 X2+ xy =24
9 y=2x 10 2x+y=11
y2—xy=8 Xy =15
Extend
11 x-y=1 12 y—x=2
X2+y?=3 X2+ xy=3
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Answers
1 x=1y=3
2,1
5' 5
2 x=2,y=4
X=4,y=2
3 x=ly=-2
Xx=2,y=-1
4 x=4y=1
_16 13
5' 775
5 x=3,y=4
x=2,y=1
6 x=7,y=2
Xx=-1,y=-6
7 x=0,y=5
x=-5y=0
8 X:_§, __E
3 3
Xx=3,y=5
9 =-2,y=-4
:Z,y:4
=5 y=
10 X—zd 6
Xx=3,y=5

11 x= 1+«/§,y: —1+\/§

12 x= —l+\/7’y= 3+ﬁ
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Linear inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e When you multiply or divide an inequality by a negative number you need to reverse the
inequality sign, e.g. < becomes >.

Examples

Examplel Solve -8 <4x<16

—-8<4x<16 Divide all three terms by 4.
—2< x <4

Example 2  Solve 4 <5x< 10

<5x<10 Divide all three terms by 5.

Example 3 Solve 2x —-5<7

2x—5<7 1 Add 5 to both sides.
2x <12 2 Divide both sides by 2.
X<6
Example4  Solve 2 —5x>-8
2—5x>-8 1 Subtract 2 from both sides.
—5x>-10 2 Divide both sides by —5.
X<2 Remember to reverse the inequality
when dividing by a negative
number.
Example5  Solve 4(x —2) > 3(9 — x)
4(x—2)>3(9—x) 1 Expand the brackets.
4x — 8> 27 — 3x 2 Add 3x to both sides.
7x—8>27 3 Add 8 to both sides.
7x>35 4 Divide both sides by 7.
X>5

Practice

@ Pearson
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1  Solve these inequalities.
a 4x>16

d 5-2x<12

2  Solve these inequalities.

a —-<-4
5
3 Solve
a 2-4x>18

d 4x+17<2-x

4 Solve these inequalities.
a 3t+1<t+6

5 Solve.
a 32-x)>24-x)+4

Extend

5x-7<3

2>p5

10>2x+3

3<7x+10<45
4 —5x < -3x

b 2B8n-1)>n+5

o

1>3x+4

g<3_ 2
3

7-3x>-5

6-2x>4
—4x >24

b 5@-x)>35-x)+2

6  Find the set of values of x for which 2x + 1 > 11 and 4x — 2 > 16 — 2x.
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ANswers
1 a x>4 b X<2
d x>_' e x>10
2
2 a x<-20 b X<35
3 a x<-4 b -1<x<5
d x<-3 e X>2
4 a t<E b nzz
2 5
3
5 a x<-6 b x<E

6 x>5 (which also satisfies x > 3)

o
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Quadratic inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

o First replace the inequality sign by = and solve the quadratic equation.

e Sketch the graph of the quadratic function.

e Use the graph to find the values which satisfy the quadratic inequality.
Examples

Example 1 Find the set of values of x which satisfy x> + 5x + 6 > 0

X2+5x+6=0 1 Solve the quadratic equation by
x+3x+2)=0 factorising.
X=-30rx=-2
It is above the x-axis 2 Sketch the graph of
wherex? +5x +6>0 ¥ y=(x+3)(x+2)

3 Identify on the graph where
X2 +5x+6>0,ie wherey>0

=Y

-N_~L2 O
This part of the graph is
not needed as this is
wherex*+ 5x + 6 <0

4 Write down the values which satisfy

Xx<—=3orx>-2
the inequality x> + 5x + 6 > 0

Example 2 Find the set of values of x which satisfy x> —5x <0

x2—5x=0 1 Solve the quadratic equation by
X(x—=5)=0 factorising.
x=0o0orx=5

y 2 Sketch the graph of y = x(x — 5)

3 Identify on the graph where
X2 —5x<0, i.e. wherey<0

0<x<5 4 Write down the values which satisfy
- the inequality x2 —5x <0

@ Pearson
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Example 3 Find the set of values of x which satisfy —x2 — 3x + 10 >0
—x?—-3x+10=0 1 Solve the quadratic equation by
(—x+2)(x+5)=0 factorising.
Xx=20rx=-5
YA
2 Sketch the graph of
y=(x+2)(x+5)=0
3 Identify on the graph where
—x2—-3x+10>0, i.e. wherey >0
_ / 0 \2 >
-5<x<2 3 Write down the values which satisfy
the inequality —x> —3x + 10>0
Practice
1  Find the set of values of x for which (x + 7)(x —4) <0
2 Find the set of values of x for which x> —4x - 12>0
3 Find the set of values of x for which 2x? -7x +3< 0
4 Find the set of values of x for which 4x2 + 4x -3>0
5  Find the set of values of x for which 12 + x — x>0
Extend

Find the set of values which satisfy the following inequalities.

6

7

8

X +X<6
X(2x—9) <-10

6x2>15+X
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Answers
1 -7<x<4

2 X<-=20rx=>6
3 1<x<3
2

4 x<—§ orx>l
2 2

5 3<x<4

6 -3<x<2

7 2<x<2l

8 xs-§ or x=>—
2
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Sketching cubic and reciprocal graphs

A LEVEL LINKS
Scheme of work: 1e. Graphs — cubic, quartic and reciprocal

Key points

e The graph of a cubic function, fora<0
which can be written in the
formy=ax®+bx?+cx +d,
where a # 0, has one of the

shapes shown here. j y=x y=-x \
/ 0 X 0 \ X

special case:a = 1 special case:a = —1

e The graph of a reciprocal Y oras o “I fora <o
function of the form y =% has

0 x 0 X
one of the shapes shown here. j F

e To sketch the graph of a function, find the points where the graph intersects the axes.

o To find where the curve intersects the y-axis substitute x = 0 into the function.

e To find where the curve intersects the x-axis substitute y = 0 into the function.

e Where appropriate, mark and label the asymptotes on the graph.

e Asymptotes are lines (usually horizontal or vertical) which the curve gets closer to but never
touches or crosses. Asymptotes usually occur with reciprocal functions. For example, the

fora=0

asymptotes for the graph of y = % are the two axes (the lines y = 0 and x = 0).

e At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

e Adouble root is when two of the solutions are equal. For example (x — 3)%(x + 2) has a
double root at x = 3.

o When there is a double root, this is one of the turning points of a cubic function.

@ Pearson
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Examples
Example 1 Sketch the graph of y = (x = 3)(x — 1)(x + 2)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0-3)(0—-1)(0+2) 1 Find where the graph intersects the
=(3)x(-1)x2=6 axes by substituting x=0and y = 0.
The graph intersects the y-axis at (0, 6) Make sure you get the coordinates
the right way around, (X, ).
Wheny =0, (x—3)(x—1)(x+2)=0 2 Solve the equation by solving
Sox=3,x=1lorx=-2 Xx—3=0,x—1=0andx+2=0
The graph intersects the x-axis at
(=2,0), (1,0)and (3, 0)
]
A 3 Sketch the graph.
a =1 > 0 so the graph has the shape:

f2 o ‘]\_,/3 x fora =0

Example 2 Sketch the graph of y = (x + 2)%(x — 1)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0+2)*0-1) 1 Find where the graph intersects the

=22x(-1)=—4 axes by substituting x =0and y = 0.
The graph intersects the y-axis at (0, —4)
Wheny =0, (x +2)(x—1)=0 2 Solve the equation by solving
Sox=-2orx=1 x+2=0andx—1=0
(=2,0) isaturning pointasx=—21is a
double root.
The graph crosses the x-axis at (1, 0)

U
3 a=1>0so the graph has the shape:
_I [ 1 -.-1’
fora =0
—4
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Practice
1 Here are six equations. X
5 Hint
i —y2 _ — 3 2
ALY X B y=x+3x-10 C =X Find where each
D y=1-32-x3 E y=x3-3x-1 F X+y=5 ofthe_cublc
equations cross
Here are six graphs. the y-axis.

i i y i y
y
normal \ /
tangent
tangent / \

A— yva Jvam

normal

Vi

\0 i NG uo \ :

a  Match each graph to its equation.
b  Copy the graphs ii, iv and vi and draw the tangent and normal each at point P.

Sketch the following graphs

2 y=2¢ 3 y=X(X—2)(x + 2)
4 y=(x+1)(x+4)(x-3) 5 y=Kx+1kx-2)(1-x)
6 y=(x-3)*x+1) 7 y=(x-1)*x-2)

3 2
8 y=+ Hint: Look at the shape of y = % 9 y=-x

in the second key point.
Extend
1 1
10 Sketch the graph of y=——— 11 Sketch the graph of y=——
X+2 x-1

@ Pearson
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Answers
1 a i-C
i—E
iii—B
iv—A
v—F
vi—-D
b i iv

/ normal
\\ P

0 x
tangent >
0 / tangeﬁt
P
normal
Vi YA

\ AR
)
tangent P

normal

/, W

=Y
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